Given an m-parameterized family of n-dimensional vector fields, such that: (i) for some value of the parameters, the family has an equilibrium point, (ii) its linearization has a double zero eigenvalue and no other eigenvalue on the imaginary axis, sufficient conditions on the vector field are given such that the dynamics on the two-dimensional center manifold is locally topologically equivalent to the versal deformation of the planar Takens-Bogdanov bifurcation.
Introduction
and Bogdanov [1975] gave independently a versal deformation for the double zero bifurcation, that is, they found a family of vector fields whose local flows contain all possible small perturbations of the degenerate system. Arrowsmith and Place [1984] established sufficient conditions on an m-parameterized family of vector fields on the plane, for a double-zero bifurcation to ocurr, using the versal deformation given by Takens. Kuznetsov [2000] analyzed a two-parameterized family of vector fields on the plane using the versal deformation given by Bogdanov. Carrillo and Verduzco [2009] , using the versal deformation given by Guckenheimer and Holmes [1983] , considered a planar nonlinear control system, whose nominal vector field has a double-zero bifurcation, and gave a scalar control law such that all possible bifurcations scenarios are possible.
In this paper, we present a generalization of the analysis given by Kuznetsov [2000] , for an m-parameterized family of n-dimensional vector fields. Although he mentions that the generalization to the n-dimensional case of his result does not bring anything new, this generalization is not so obvious. In this paper, we take the task of doing it from a different point of view which permits an explicit computation of the bifurcation surfacessee Theorem 1. Here we analyze a parameterized family of vector fields having equilibrium point, whose linearization has a double zero eigenvalue. We give sufficient conditions on the vector field such that the dynamics on the center manifold is locally topologically equivalent to the versal deformation given by Bogdanov [1975] . This analysis is the first step towards the generalization of the result given in [Carrillo & Verduzco, 2009] on the control of the Takens-Bogdanvo bifurcation in the plane to arbitrary number of parameters and dimensions.
Preliminary Results
In this section, we review basic material needed to state the main result in this paper and fix our notation.
The planar Takens-Bogdanov bifurcation
We consider a planar dynamical systemż = f (z), with f (0) = 0 and
From normal form theory, there is a change of coordinates such that the original system can be reduced up to terms of second order to the forṁ
with ab = 0. This is called the truncated normal form of the original system. Bogdanov [1975] showed that the familẏ
is a versal deformation of the truncated system (2). For the case a = 1 and b = −1 the bifurcation diagram of (3) is shown in Fig. 1 . The point λ 1 = λ 2 = 0 separates two branches of the saddlenode bifurcation curve
, λ 2 > 0 and
corresponds to the Hopf bifurcation that generates a stable limit cycle. This cycle exists and remains hyperbolic between the line H and a smooth curve
where saddle homoclinic bifurcation occurs. When the cycle approaches the homoclinic orbit, its period tends to infinity.
Center manifold theory
We will consider center manifolds for vector fields depending on the parameters. For more details, see [Wiggins, 2003] . We consider vector fields of the following formẋ
where
We will handle parameterized systems so as to include the parameter ε as a new dependent variable as followsẋ
where (x, ε, y) ∈ R c × R p × R s . Here, A is a c × c matrix having eigenvalues with zero real part, B is an s × s matrix having eigenvalues with negative real parts, and f and g are C r functions (r ≥ 2). A center manifold will be represented as a graph of a smooth function y = h(x, ε), for x and ε sufficiently small. Then the reduced vector field on center manifold is given bẏ
where (u, ε) ∈ R c × R p . From the existence theorem for center manifolds, locally we have
for δ sufficiently small. Using invariance of the graph of h(x, ε) under the dynamics generated by (5) we haveẏ
However,ẋ
hence substituting (9) into (8) results in the following quasilinear partial differential equation that h(x, ε) must satisfy in order for its graph to be a center manifold.
Remark 1. In applying center manifold theory to a given system, it must first be transformed into the standard form (5).
Statement of the Problem
Consider the m-parameterized vector fielḋ
where x ∈ R n , µ ∈ R m , with m ≥ 2, and F ∈ C r (R n × R m ), with r ≥ 2. Suppose that there exists (x 0 , µ 0 ) ∈ R n × R m such that (H1) F (x 0 , µ 0 ) = 0, and (H2) The spectrum of the linearization at the critical point satisfies
Re(λ j ) = 0, for j = 3, . . . , n}, the nonsemisimple case.
Our goal in this paper is to find suffcient conditions on the vector field F , such that the dynamics on the center manifold at x = x 0 , is locally topologically equivalent to the versal deformation of the generic planar Takens-Bogdanov bifurcatioṅ
where ab = 0.
Dynamics on the Center Manifold
In this section, we use the center manifold theory to determine the dynamics on the m-parameterized two-dimensional center manifold at the equilibrium
Jordan form
Let us consider the Taylor series around (x 0 , µ 0 ),
From hypothesis (H2) we have,
Let p 1 , p 2 ∈ R n be generalized eigenvectors of A corresponding to the eigenvalue λ = 0:
Let P = (p 1 , p 2 , P 0 ), where P 0 ∈ R (n−2)×(n−2) contains the generalized eigenvectors of the matrix J 1 .
It is known that
Then, if
That is, q 1 , q 2 ∈ R n are the left generalized eigenvectors of A corresponding to the eigenvalue λ = 0. Proof. We know that
Then, from (17),
Change of coordinates
Let us consider the change of coordinates and parameters
then (14) transforms intȯ
Let us define v 0 = (p 1 p 2 ), and w 0 = (q 1 q 2 ) T , then P = (v 0 P 0 ) and P −1 = w0 Q0 . Now we define
therefore (19) transforms intȯ
In order to simplify this system we will use the following.
, where L i ∈ R r×s , we define the product by 
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Then, if we define q i = (q i1 , . . . , q in ) T for i = 1, 2, observe that
In a similar way,
and also in a similar way, we can replace Q 0 by w 0 . Therefore, the system can be written as the extended system   ẏ
To calculate the m-parameterized local center manifold at the equilibrium point y = 0, we first consider the change coordinates 
where R 0 = w 0 F µ (x 0 , µ 0 ), and
From the center manifold theory, system (22) has a center manifold ζ = h(ξ, α) = O(|ξ, α| 2 ), with h(0, 0) = Dh(0, 0) = 0, and the dynamics on the center manifold is given bẏ
Observe that it is not necessary to calculate the center manifold h(ξ, α) because it does not affect the quadratic terms in f 1 . Then, we have proved the following. 
Main Theorem
In this section we prove the main theorem of the paper. The proof is divided in a series of lemmas.
Topological equivalence between the center manifold and the versal deformation
First, we rewrite (12) aṡ
where e 2 = (0, 1) T , and
Then our goal is to find a change of coordinates (23) is transformed into (27). Observe thatξ
where,
with,
Remark 2. Along the proof of the following lemmas we will make use of the following elementary fact that if the matrix X = X 1 X 2 ∈ R n×2 is partioned in two columns, then
where l 1 12 and l 1 22 are free. The results follow with
Lemma 5. There exist L 01 and L 12 such that
Proof. Remember that
then using Remark 2,
Now, from (25) and (26), it follows that, for i, j = 1, 2,
the, if we define
then, if we define β 2 = α T R 1 12 , the results follow.
Before we establish the main theorem, let us define
Besides, to unfold the double-zero bifurcation from the center manifold, the transformation T : R m → R 2 , given by
must have rank two, that is, S 1 and S 2 must to be linearly independent. Then as a consequence of Lemmas 3-5 we can now state the main result Theorem 1. Given the nonlinear systeṁ
where x ∈ R n , µ ∈ R m with m ≥ 2, such that, there exists (x 0 , µ 0 ), that satisfies the conditions
. . , n}, (non-hyperbolicity) (H3) ab = 0, (nondegeneracy) (H4) S 1 and S 2 are linearly independent, (transversality) where
and S 1 , S 2 are given by (29) . Then, the dynamics on the center manifold of system (30) at x = x 0 and µ ≈ µ 0 , which is given by (23), is locally topologically equivalent to the versal deformation of the Takens-Bogdanov bifurcatioṅ
An Example
In this section we present an example with four parameters as an ilustration of Theorem 1.
A predator-prey ecosystem
Consider the following system of two differential equations:ẋ
The equations model the dynamics of a predator-prey ecosystem. The variables x 1 and x 2 are (scaled) population numbers of prey and predator, respectively, while α, γ, ε, and δ are non-negative parameters describing the behavior of isolated populations and their interaction (see [Bazykin, 1985] cited in [Kuznetsov, 2000] ). Assume that ε = 0 is fixed. In order that the bifurcation diagram of the system with respect to the three remaining parameters (α, γ, δ) can exhibit the codim 2 Takens-Bogdanov bifurcation in planar systems, we consider that α ∈ (0, 1) and αγ < 1. If we consider µ = (α, γ, δ) T , then
T is a family of equilibrium points whose linearization has a double-zero eigenvalue, and 
